Abstract: Boolean or switching functions can be associated to finite aligned spaces in a way similar to the way they can be associated to finite topological spaces. We prove a characterization of switching functions associated to aligned spaces which is similar to the one we have given for switching functions associated to finite topological spaces.
Introduction
To begin with, recall that, as pioneered in Ref. [1] , given a finite set H = {1, ..., n}, we can represent a family ℱ of subsets of H by a Boolean or switching function written in its disjunctive normal form (dnf, for short): it is enough to associate to each element i of H a Boolean variable x i , to a subset S of H the Boolean product of the variables x i , complemented if i  S, not complemented if i  S (these products are usually called minimal polynomials), and to the family ℱ the Boolean sum of the minimal polynomials associated to its subsets.
Recall also that, when y and z are Boolean variables or functions, the material implication y  z means the 
Note that, for this to happen, it is not necessary that
As an example, take f (x 1 , x 2 , x 3 ) = x 1 ·x 2 ·x 3 + x 1 · x 2 · x 3 + x 1 ·x 2 ·x 3 +x 1 ·x 2 ·x 3 , {a, b} = {1, 2} and {γ} = {3}. A trivial check shows that, for both i = 1 and i = 2, we do not get f (x 3 = 0) x i ≡ 1; but we have f (x 1 = x 2 = 1, x 3 = 0) = 0. The family ℱ associated to this function consists of the sets: ∅, {1, 2, In Ref. [8] we stated a theorem concerning switching functions associated to families of open sets of finite topological spaces. The result we present here is a similar theorem dealing with the equivalent of open sets in aligned spaces. (Let us point out that the proof given in Ref. [8] is not entirely correct, although the stated theorem is true.)
Aligned spaces generalize topological spaces but they are not as widely known as topological spaces. Their role is becoming relevant [2, 4, 5, 6, 7, 9 ]. That's why it is worth extending to them, particularly "stricto sensu" aligned spaces, results which are known for topological spaces [10] . That aligned spaces generalize topological spaces obviously implies that topological spaces are a particular case of aligned spaces; but some of them, the so-called "stricto sensu" aligned spaces, are not topological spaces.
Aligned spaces are usually defined in terms of convex sets [3] : with V a set and a set of subsets of V called convex, (V, ) is an aligned space when: (1) ∅, V  ; and (2) A, B   ∩ ℬ  . Concave sets, as defined in Ref. [9] , are the complementary sets of the convex ones and we get a dual definition: (V, ) is an aligned space when: (1) ∅, V  ; and (2) A, B   ∪ ℬ  . By the very definitions, we may associate switching functions to aligned spaces, where the family of the relevant sets may be the convex sets or the concave sets.
In aligned spaces, concave sets play the role of the open sets in topological spaces. Hence, let us work in terms of concave sets. The relevant point is that what prevents aligned spaces stricto sensu, as considered in this note, from being topological spaces is that the intersections of their concave sets are not always concave.
The proof of the theorem stated in the first paragraph is as follows:
Trivially, Condition (A) means that the empty set ∅ and H itself are concave sets and therefore their associated Boolean products appear in the dnf of f (x 1 , ..., x n ).
Condition ( 
Stricto Sensu Aligned Spaces
What we have just said does not assert anything concerning intersections of concave sets. For aligned spaces stricto sensu as considered in this note, we should add, to the statement of the Theorem, a Condition (C) where we assert that there are at least two concave sets whose intersection is not concave.
Note that, if the intersection of concave sets is always concave, that means, if the aligned space is a topological space, then its switching function satisfies a third condition, namely, When the aligned space is "stricto sensu", then this condition is not satisfied and what we can say is the following:
There are at least two concave sets {γ ..., δ}, and {γ', ..., δ'}, whose intersection {φ, ..., λ} = {γ, ..., δ} ∩ {γ', ..., δ'} is not concave. Let {a, ..., b}, and {a', ..., b'} be their complementary sets, respectively, and let the union of these sets be {c, ..., d} = {a, ..., b} ∪ {a', ..., b'} which is the complementary set of {φ, ..., λ}. In symbols,x a …x b x γ … x δ andx a' …x b' x γ' … x δ' are minimal polynomials of the switching function associated to the concave sets of the aligned space, butx c …x d x φ … x λ is not a minimal polynomial of such a function.
As a final remark, recall that we wrote "stricto sensu" as considered in this note. In fact, since we deal with finite sets, we may look at another type of stricto sensu aligned space: by requiring that the intersection of concave sets be always a concave set, but that there is at least a pair of concave sets whose union is not concave. We leave this other type of aligned space as a challenge for the reader to work out.
